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A PROOF OF THE FUNDAMENTAL THEOREM OF CURVES IN
SPACE AND ITS APPLICATIONS.
HE´CTOR EFRE´N GUERRERO MORA
To my family.
Abstract. We give a necessary and suficente condition for the existence of a
space curve with curvature κ and torsion τ finding a solution of a nonlinear
differential equation of second order and some applications are given for the
general helices and slant helices.
1. The fundamental theorem.
The curves parameterized in space are objects of great interest and with them
we can model and analyze problems that appear in different fields of physics and
other sciences.
In the classical differential geometry of curves it is well known that there are two
geometric invariants that are: curvature and torsion; which determine the behavior
of the curve in space. The fundamental theorem of the local theory of curves in
space states that if two differentiable κ = κ(s) and τ = τ(s) functions are given
and positive κ = κ(s) shows that there is a curve whose curvature is κ = κ(s) and
whose torsion is τ = τ(s) and any other curve that meets the conditions that its
curvature is κ = κ(s) and its torsion is τ = τ(s) differs from the previous curve by
a rigid movement.
The demonstration of this result, which appears in most texts of differential ge-
ometry, is done considering a system of nine differential equations and using the
existence and uniqueness theorem of ordinary differential equations.
In this paper we show a new proof of the theorem of the local theory of curves
in space [1].
Considering a differential equation of non-linear second order:
d
ds
{ 1
κ
dω
ds
} = −κω + τ
√
1− ω2 − ( 1
κ
dω
ds
)2.
We shall prove the fundamental theorem in the form
Theorem 1.1. Given differentiable function κ(s) > 0 and the continous function
τ(s), s ∈ (a, b), there exists a regular parametrized curve α : J → R3 such that s is
the arc length, κ(s) is the curvature, and τ(s) is the torsion of α. Moreover, any
other curve α˜, satisfying the same conditions, differs from α by a rigid motion; that
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is, there exists an orthogonal linear map ρ of R3, with positive determinant, and a
vector c such that α˜ = ρ ◦ α+ c.
In books on elementary differential geometry (see for example [3], the condition
for function τ is usually given differentiable.
The new proof we give of this theorem is based on a theorem of existence and
uniqueness for a nonlinear differential equation of second orden. 2.1
2. Proof of the fundamental theorem.
Lemma 2.1. Let κ : [c, d]→ R be a function always positive of class C1, and
τ : [c, d]→ R be a function of class C0.Then the second-order differential equation
(2.1)
d
ds
{ 1
κ
dw
ds
} = −κw + τ
√
1− w2 − ( 1
κ
dw
ds
)2,
with initial value
w(s1) = w1
w′(s1) = v1,
where s1 ∈ (c, d) and (w1, v1) ∈ {(w, v) ∈ R2 | w2 + v2κ2
0
< 1}, and
κ0 = min{κ(s) | s ∈ [c, d]}, has a unique solution on some interval open J ⊂ (c, d)
containing s1.
Proof. Writing the equation 2.1 as:
w′′ =
κ′
κ
w′ − κ2w + τ
√
κ2(1− w2)− (w′)2
and introducing the dependent variable, v = w′. It follows that the equation can
now be rewritten in the form
(w, v)′ = (v,
κ′
κ
v − κ2w + τ
√
κ2(1 − w2)− v2).
Note that the vector field
F (s, w, v) = (v,
κ′
κ
v − κ2w + τ
√
κ2(1− w2)− v2),
where (s, w, v) ∈ I = (c, d)×{(w, v) ∈ R2 | w2+ v2
κ2
0
< 1} is a continous fuction and
Lipschitziana with respect to (w, v) in a neighborhood D of
(s1, w1, v1) ∈ I.
In fact, the function F is well defined, since w2 + v
2
κ2
0
< 1 implies
0 < κ2(1− w2)− v2, and F is continous; and it is clear that the partial derivates
∂F1
∂w
,
∂F1
∂v
,
∂F2
∂w
and
∂F2
∂v
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they are continuous, since
∂F1
∂w
(s, w, v) = 0
∂F1
∂v
(s, w, v) = 1
∂F2
∂w
(s, w, v) = −κ2 − τκ
2w√
κ2(1 − w2)− v2
∂F2
∂v
(s, w, v) =
κ′
κ
− τv√
κ2(1− w2)− v2 ,
therefore F is continous and Lipschitziana with respect to (w, v) in a neighborhood
D of (s1, w1, v1) ∈ I.
And this implies by the Picard−Lindelo¨f ′s theorem that the problem has a unique
solution on some interval open J ⊂ (c, d) containing s1. 
Theorem 2.2. Given differentiable function κ(s) > 0 and the continous function
τ(s), s ∈ (a, b), there exists a regular parametrized curve α : J → R3 such that s is
the arc length, κ(s) is the curvature, and τ(s) is the torsion of α. Moreover, any
other curve α˜, satisfying the same conditions, differs from α by a rigid motion; that
is, there exists an orthogonal linear map ρ of R3, with positive determinant, and a
vector c such that α˜ = ρ ◦ α+ c.
Proof. Let’s find an α curve, parameterized by arc length s, such that its curvature
κα is equal to κ and its torsion τα is equal to τ. Let’s write its tangent vector
t = t(s) in polar coordinates,
t = (sinφ cos θ, sinφ sin θ, cosφ).
Therefore, its normal vector n = n(s) and its binormal vector b = b(s) are given
by
n = (
φ′ cosφ cos θ − θ′ sinφ sin θ
κ
,
φ′ cosφ sin θ + θ′ sinφ cos θ
κ
,
−φ′ sinφ
κ
)
b = (
−φ′ sin θ
κ
− θ
′ sin 2φ cos θ
2κ
,
−φ′ cos θ
κ
− θ
′ sin 2φ sin θ
2κ
,
θ′ sin2 φ
κ
).
It is known that its Frenet trihedron t,n,b forms an orthonormal basis of R3 and
satisfies
dt
ds
= κn
dn
ds
= −κt+ τb
db
ds
= −τn.
Therefore, for w =< t, D >,where D is a fixed unit vector, we have.
dw
ds
=<
dt
ds
,D >=< κn, D >= κ < n, D >,
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and
1
κ
dw
ds
=< n, D > . This implies
d
ds
{ 1
κ
dw
ds
} = < dn
ds
,D >=< −κt+ τb, D >
= −κ < t, D > +τ < b, D >
= −κ < t, D > ±τ
√
1− < t, D >2 − < n, D >2
= −κw ± τ
√
1− w2 − ( 1
κ
dw
ds
)2.
Since for any curve α there exists an orthogonal linear function σ of R3, with positive
determinant such that the binormal vector b of σ ◦ α satisfies < b, (0, 0, 1) > 0 in
an neighborhood of s0 ∈ (a, b) and knowing that the curvature κ and the torsion
τ are invariant given a rigid movement. We can assume from the beginning that
D = (0, 0, 1) and the binormal vector b of α satisfies < b, (0, 0, 1) > 0 in an
neighborhood of s0 ∈ (a, b).
Therefore, we can consider the initial value problem:
(2.2)
d
ds
{ 1
κ
dw
ds
} = −κw + τ
√
1− w2 − ( 1
κ
dw
ds
)2,
w(s0) = w0,
w′(s0) = v0,
where s0 ∈ (a+ ǫ, b− ǫ), (w0, v0) ∈ {(w, v) ∈ R2 | w2 + v2κ2
0
< 1}, and
κ0 = min{κ(s) | s ∈ [a+ ǫ, b− ǫ]}, for some ǫ > 0.
Which by Lemma 2.1, has a unique solution ξ = ξ(s) on some interval open J ⊂
(a, b) containing s0.
Now, given that cosφ =< t, (0, 0, 1) > and
θ′ sin2 φ
κ
=< b, (0, 0, 1) >, we have that
there are functions φ˜ and θ˜, such that
φ˜ = arccos< t, (0, 0, 1) > = arccos ξ,
θ˜ =
∫
< b, (0, 0, 1) > ds =
∫ κ√1− ξ2 − ( 1κ dξds )2
sin2 φ˜
ds
=
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds
By replacing these functions in the tangent vector t, given in polar coordinates, we
find an α curve, given by α(s) = (x(s), y(s), z(s)), where
x(s) =
∫ √
1− ξ2 cos(
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds)ds
y(s) =
∫ √
1− ξ2 sin(
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds)ds
z(s) =
∫
ξds.
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This curve is parameterized by arc length s, its curvature is κα = κ and its torsion
is τα = τ . In effect, using the curvature formula and the torsion formula, we have
κα = || α′′ ||=
√
ξ2(ξ′)2
1− ξ2 +
κ2(1− ξ2 − ( 1κ dξds )2)
1− ξ2 + (ξ
′)2 = κ
τα =
α′ ∧ α′′ · α′′′
|| α′ ∧ α′′ ||2 =
ξκ3 − ξ′κ′ + κξ′′
κ
√
(1− ξ2)κ2 − (ξ′)2 =
d
ds{ 1κ dξds}+ κξ√
1− ξ2 − ( 1κ dξds )2
= τ.
Now, suppose that α = α(s) is a curve parametrized by arc lenth s, where
κ = κ(s) is its curvature, τ = τ(s) is its torsion and consider the canonical basis
{ei | i = 1, 2, 3} of R3. And let t0,n0,b0 be the Frenet trihedron at s = s0 ∈ I of α.
Clearly, there exists an orthogonal linear map σ of R3, with positive determinant
such that the scalar product < σ ◦ b0, ei > is greater than zero, for all i = 1, 2, 3.
To each value of the parameter s of the curve β = σ ◦ α + c∗, we have associated
the Frenet trihedron at s:
tβ = tβ(s),nβ = nβ(s),bβ = bβ(s).
Thus Frenet trihedron forms an orthonormal basis of R3 and satisfies:
1 =< tβ , ei >
2 + < nβ , ei >
2 + < bβ , ei >
2,
for all i = 1, 2, 3 and
dtβ
ds
= κnβ
dnβ
ds
= −κtβ + τbβ
dbβ
ds
= −τnβ .
It is clear, because of the continuity of the β curve, that exists a neighborhood N
of s0 ∈ I such that the binormal vector bβ = bβ(s) of the β curve satisfies that its
scalar product < bβ , ei > is greater than zero, for all i = 1, 2, 3. Hence
d
ds
< nβ , ei > = <
dnβ
ds
, ei >
= < −κtβ + τbβ , ei >
= −κ < tβ , ei > +τ < bβ, ei >,
this is
d
ds
(
1
κ
d
ds
< tβ , ei >) = −κ < tβ , ei > +τ
√
1− < tβ , ei >2 −( 1
κ
d
ds
< tβ, ei >)2.
This implies that the components < tβ, ei > of the tangent vector tβ of the curve
β satisfies the initial value problem
d
ds
{ 1
κ
dw
ds
} = −κw + τ
√
1− w2 − ( 1
κ
dw
ds
)2(2.3)
w(s0) = < σ ◦ t0, ei >(2.4)
w′(s0) = < κ(s0)σ ◦ n0, ei >,(2.5)
in some neighborhoods Ii ⊂ N , of s0 ∈ I, for i = 1, 2, 3, respectively.
Now, suppose there is another α˜ curve such that its curvature κ˜(s) is equal to κ(s)
and its torsion τ˜ (s) is equal to τ(s), where s ∈ I.
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Let t˜0, n˜0, b˜0 be the Frenet trihedron at s = s0 ∈ I of α˜. Then, there exists an
orthogonal linear map π of R3, with positive determinant such that
π ◦ t˜0 = σ ◦ t0
π ◦ n˜0 = σ ◦ n0
π ◦ b˜0 = σ ◦ b0.
And consider the Frenet trihedron tγ ,nγ ,bγ of the curve γ = π ◦ α˜+ c˜. Therefore,
there is a neighborhood M of s0 ∈ I such that the binormal vector bγ = bγ(s) of
the γ curve satisfies that its scalar product < bγ , ei > is greater than zero, for all
i = 1, 2, 3. This implies that the components < tγ , ei > of the tangent vector tγ of
the curve γ satisfies the initial value problem 2.3, in some neighborhoods Ji ⊂ M ,
of s0 ∈ I, for i = 1, 2, 3, respectively.
Therefore, since the solution to the initial value problem is unique, we have to
tβ(s) = tγ(s),
or all s ∈ (⋂3i=1 Ii) ∩ (⋂3i=1 Ji). Therefore there exists an orthogonal linear map ρ
of R3, with positive determinant, and a vector c such that α˜(s) = ρ ◦ α(s) + c, for
all s ∈ (⋂3i=1 Ii) ∩ (⋂3i=1 Ji). 
2.1. Some observations.
Remark 2.3. Let κ : [a, b]→ R be a function always positive of class C1, and
τ : [a, b]→ R be a function of class C0.
If ξ = ξ(s) is a solution of
d
ds
{ 1
κ
dw
ds
} = −κw + τ
√
1− w2 − ( 1
κ
dw
ds
)2,
w(s0) = w0,
w′(s0) = v0,
where s0 ∈ (a+ ǫ, b− ǫ), (w0, v0) ∈ {(w, v) ∈ R2 | w2 + v2κ2
0
< 1}, and
κ0 = min{κ(s) | s ∈ [a+ ǫ, b− ǫ]}, for some ǫ > 0.
then α(s) = (x(s), y(s), z(s)), where
x(s) =
∫ √
1− ξ2 cos(
∫ √
(1− ξ2)κ2 − (ξ′)2
1− ξ2 ds)ds
y(s) =
∫ √
1− ξ2 sin(
∫ √
(1− ξ2)κ2 − (ξ′)2
1− ξ2 ds)ds
z(s) =
∫
ξds,
is a curve parametrized by arc length s, κ = κ(s) is the curvature, and τ = τ(s) is
the torsion of α.
Reciprocally, let α : I → R3 be a curve parametrized by arc lenth s, where κ = κ(s)
is its curvature and τ = τ(s) is its torsion and let t0,n0,b0 be the Frenet trihedron
at s = s0 ∈ I of α and consider the canonical basis {ei | i = 1, 2, 3} of R3.
Then, there exists an orthogonal linear map σ of R3, with positive determinant such
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that the components < tβ(s), ei > of the tangent vector tβ of the curve β = σ ◦ α
satisfies the initial value problem
d
ds
{ 1
κ
dw
ds
} = −κw + τ
√
1− w2 − ( 1
κ
dw
ds
)2
w(s0) = < σ ◦ t0, ei >
w′(s0) = < κ(s0)σ ◦ n0, ei >,
in some neighborhoods Ii of s0 ∈ I, for i = 1, 2, 3, respectively
3. Applications
Definition 3.1. A curve α with κ(s) 6= 0 is called a general helix if the principal
tangent lines of α make a constant angle with a fixed direction. [3]
Theorem 3.2. Let α be a unit speed space curve with κ = κ(s) 6= 0 and torsion
τ = τ(s). Then the following statements are equivalent:
(1) α is a general helix.
(2)
τ
κ
(s) = m, (constant)
(3) α(s) = (x(s), y(s), z(s)), where
x(s) =
1√
1 +m2
∫
cos(
√
1 +m2
∫
κds)ds,
y(s) =
1√
1 +m2
∫
sin(
√
1 +m2
∫
κds)ds,
z(s) =
ms√
1 +m2
.
Any other curve, satisfying the same conditions, differs from α by a rigid
movement.
Proof. Assume property (1) holds, this is suppose that the curve α : I → R3, with
curvature κ(s) 6= 0 and torsion τ(s) is an general helix and consider its Frenet
trihedron t,n,b. Then the principal tangent lines of α make a constant angle with
a fixed direction, this is there is a fixed unit vector U , such that
< t, U >= δ (constant). We know if w =< t, D >, then
d
ds
{ 1
κ
dw
ds
} = −κw ± τ
√
1− w2 − ( 1
κ
dw
ds
)2,
therefore, taking D = U , we have to
0 = −κδ ± τ
√
1− δ2,
this is
τ
κ
= ± δ√
1− δ2
Now assume property (2) holds, this is consider the equation
τ
κ
(s) = m, (constant)
Now replacing τ = mκ in the second order differential equation 2.2, we have
d
ds
{ 1
κ
dw
ds
} = −κw + κm
√
1− w2 − ( 1
κ
dw
ds
)2.
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Considering the definition of the general helix, let’s find a solution of the form
ξ(s) = δ, where δ is an constant and satisfies 1− δ2 > 0.
Replacing in the equation above we find that
0 = −κδ + κm
√
1− δ2.
This implies that δ = m√
1+m2
.
Therefore, ξ(s) = m√
1+m2
, is a solution of the non-linear second-order differential
equation.
d
ds
{ 1
κ
dw
ds
} = −κw + κm
√
1− w2 − ( 1
κ
dw
ds
)2,
Let’s calculate the position vector of α using the expression
x(s) =
∫ √
1− ξ2 cos(
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds)ds
y(s) =
∫ √
1− ξ2 sin(
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds)ds
z(s) =
∫
ξds.
In effect, ∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds =
√
1 +m2
∫
κds
Therefore, the components of the position vector are:
x(s) =
1√
1 +m2
∫
cos(
√
1 +m2
∫
κds)ds,
y(s) =
1√
1 +m2
∫
sin(
√
1 +m2
∫
κds)ds,
z(s) =
ms√
1 +m2
Now assume property (3) holds, a direct calculation shows that its tangent vector
tα satisfies
< tα(s), (0, 0, 1) >=
m√
1 +m2
,
this is the principal tangent lines of α make a constant angle with a fixed direction
U = (0, 0, 1).
Now, if there is another curve that differs from α by a rigid movement, then it’s
tangent vector is given by ρtα, where ρ is an orthogonal linear map of R
3, with
positive determinant. For this case we take as a fixed direction ρ(0, 0, 1.) 
Definition 3.3. A curve α with κ(s) 6= 0 is called a slant helix if the principal
normal lines of α make a constant angle with a fixed direction. [2]
Theorem 3.4. Let α be a unit speed space curve with κ = κ(s) 6= 0 and torsion
τ = τ(s). Then the following statements are equivalent:
(1) α is a slant helix.
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(2)
σ(s) = (
κ2
(κ2 + τ2)3/2
(
τ
κ
)′)(s)
is a constant function.
(3) α(s) = (x(s), y(s), z(s)), where
x(s) =
1√
1 +m2
∫
(
∫
sin[
√
1 +m2 arccos(m
∫ s
0
κds)
m
]κ(s)ds)ds
y(s) =
1√
1 +m2
∫
(
∫
cos[
√
1 +m2 arccos(m
∫ s
0
κds)
m
]κ(s)ds)ds
z(s) =
| m |√
1 +m2
∫
(
∫ s
0
κds)ds.
Proof. Assume property (1) holds, this is suppose that the curve α : I → R3,
with curvature κ(s) 6= 0 and torsion τ(s) is an slant helix and consider its Frenet
trihedron t,n,b. Then the principal normal lines of α make a constant angle with
a fixed direction, this is there is a fixed unit vector U , such that < n, U >= δ
(constant).
We know if w =< t, D >, then
d
ds
{ 1
κ
dw
ds
} = −κw ± τ
√
1− w2 − ( 1
κ
dw
ds
)2,
therefore, taking D = U , we have to
κw = ±τ
√
1− w2 − δ2,
therefore w2 is given by
w2 =
(1− δ2)( τκ)2
1 + ( τκ )
2
.
Deriving with respect to s and since w is equal to δ
∫ s
0
κ, we have to
δ√
1− δ2 =
( τκ )
′
κ(1 + ( τκ )
2)3/2
.
Now assume property (2) holds, this is consider the equation
κ2
(κ2 + τ2)3/2
(
τ
κ
)′ =
( τκ )
′
κ(1 + ( τκ )
2)3/2
= m
The torsion τ can be expressed as:
τ = κ(
(m
∫ s
0
κds+A)2
1− (m ∫ s
0
κds+A)2
)1/2,
where A is an integration constant. Now replacing τ in the second order differential
equation 2.2, we have
d
ds
{ 1
κ
dw
ds
} = −κw − κ( (m
∫ s
0
κds+A)2
1− (m ∫ s
0
κds+A)2
)1/2
√
1− w2 − ( 1
κ
dw
ds
)2.
Considering the definition of the slant helix, let’s find a solution of the form 1κ
dξ
ds = δ,
this is ξ = δ
∫ s
0
κds, where δ is an constant and the ξ function satisfies:
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1− ξ2 − ( 1κ dξds )2 > 0.
Replacing in the equation above we find that
0 = −κ(δ
∫ s
0
κds) + κ
| (m ∫ s
0
κds+A) |√
1− (m ∫ s
0
κds+A)2
√
1− (δ
∫ s
0
κds)2 − δ2
If m > 0, we take δ = m√
1+m2
, A = 0 and we get
−κ(δ
∫ s
0
κds) + κ
| (m ∫ s
0
κds) |√
1− (m ∫ s
0
κds)2
√
1− δ2
√
1− ( δ√
1− δ2
∫ s
0
κds)2
= −κ(δ
∫ s
0
κds) + κ(m
∫ s
0
κds)
√
1− δ2
= 0,
respectively if m < 0, we take δ = −m√
1+m2
, A = 0 and we get
−κ(δ
∫ s
0
κds) + κ
| (m ∫ s
0
κds) |√
1− (m ∫ s
0
κds)2
√
1− δ2
√
1− ( δ√
1− δ2
∫ s
0
κds)2
= −κ(δ
∫ s
0
κds)− κ(m
∫ s
0
κds)
√
1− δ2
= 0.
Therefore, ξ = m√
1+m2
∫ s
0
κds, (m > 0) is a solution of the non-linear second-order
differential equation.
d
ds
{ 1
κ
dw
ds
} = −κw − κ (m
∫ s
0
κds)√
1− (m ∫ s
0
κds)2
√
1− w2 − ( 1
κ
dw
ds
)2,
respectively ξ = −m√
1+m2
∫ s
0
κds, (m < 0) is a solution of the non-linear second-order
differential equation.
d
ds
{ 1
κ
dw
ds
} = −κw + κ (m
∫ s
0
κds)√
1− (m ∫ s
0
κds)2
√
1− w2 − ( 1
κ
dw
ds
)2,
Let’s calculate the position vector of α using the expression
x(s) =
∫ √
1− ξ2 cos(
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds)ds
y(s) =
∫ √
1− ξ2 sin(
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds)ds
z(s) =
∫
ξds.
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In effect, ∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds =
1√
1 +m2
∫ √1 +m2(∫ s
0
κds)2
1− ( m2
1+m2 )(
∫ s
0
κds)2
ds
= −
√
1 +m2
m
arccos (m
∫ s
0
κds)− arctan ( m
2
∫ s
0
κds
√
1 +m2
√
1−m2(∫ s
0
κds)2
).
Therefore, considering case m > 0, the components of the position vector are:
x(s) =
∫
(
√
1−m2(
∫ s
0
κds)2 cos[
√
1 +m2
m
arccos(m
∫ s
0
κds)]
− m
2
√
1 +m2
(
∫ s
0
κds) sin[
√
1 +m2
m
arccos(m
∫ s
0
κds)])ds
=
1√
1 +m2
∫
(
∫
sin[
√
1 +m2 arccos(m
∫ s
0
κds)
m
]κ(s)ds)ds
y(s) =
∫
(−
√
1−m2(
∫ s
0
κds)2 sin[
√
1 +m2
m
arccos(m
∫ s
0
κds)]
− m
2
√
1 +m2
(
∫ s
0
κds) cos[
√
1 +m2
m
arccos(m
∫ s
0
κds)])ds
=
1√
1 +m2
∫
(
∫
cos[
√
1 +m2 arccos(m
∫ s
0
κds)
m
]κ(s)ds)ds
z(s) =
m√
1 +m2
∫
(
∫ s
0
κds)ds.
Respectively, considering the case m < 0, the components of the position vector
are:
x(s) =
1√
1 +m2
∫
(
∫
sin[
√
1 +m2 arccos(m
∫ s
0
κds)
m
]κ(s)ds)ds
y(s) =
1√
1 +m2
∫
(
∫
cos[
√
1 +m2 arccos(m
∫ s
0
κds)
m
]κ(s)ds)ds
z(s) =
−m√
1 +m2
∫
(
∫ s
0
κds)ds.
Now assume property (3) holds, a direct calculation shows that
< n(s), (0, 0, 1) >=
| m |√
1 +m2
,
this is the principal normal lines of α make a constant angle with a fixed direction
U = (0, 0, 1). 
4. Conclusion.
The differential equation
d
ds
{ 1
κ
dξ
ds
} = −κξ + τ
√
1− ξ2 − ( 1
κ
dξ
ds
)2
12 HE´CTOR EFRE´N GUERRERO MORA
and the curve α(s) = (x(s), y(s), z(s)), where
x(s) =
∫ √
1− ξ2 cos(
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds)ds
y(s) =
∫ √
1− ξ2 sin(
∫ κ√1− ξ2 − ( 1κ dξds )2
1− ξ2 ds)ds
z(s) =
∫
ξds,
associated with it, allow us to study from another point of view the curves parametrized
by arc length in space.
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